Abstract-The problem of voltage imbalance detection in a three-phase power system using phasor measurement unit (PMU) data is considered within a hypothesis testing framework. A general model for the PMU output with a downsampled negative sequence is presented. The new formulation takes into account computation complexity and tolerance of imbalance. A new monitoring tool, referred to as a generalized locally most powerful (GLMP) test, is proposed for detection in the presence of nuisance parameters. A closed-form expression of the GLMP test is developed for the detection of an imbalance problem, based on a single PMU's measurements. Numerical simulations show improved performance over benchmark techniques.
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I. INTRODUCTION
T HREE-PHASE power systems are designed to operate at a nominal frequency in a near-balanced fashion [1] . In practice, frequency deviation and load imbalance are the norm rather than the exception. For example, 2% of the electrical distribution systems in USA have a significant undesirable degree of imbalance [2] and the positive-sequence model is questioned even for transmission systems [3] - [5] . Frequency deviations and significant imbalances have detrimental effects on power delivery. In particular, voltage imbalances are the cause of many power quality-related problems and may lead to contingencies such as blackouts, and cause excessive losses, overheating, insulation degradation, and production interruptions [6] - [11] as well as voltage instability in transmission systems [12] . The growing prevalence of voltage and current waveform distortion in modern power systems increases the need for power monitoring to evaluate electric power quality. In particular, distribution networks typically have significant phase imbalances that require the use of full three-phase system models [13] , [14] for their adequate analysis.
The ability to monitor electrical grids and detect potentially harmful levels of imbalance in various power systems is highly beneficial to both the utility and the customer [7] , [8] . However, because most power systems generally operate at moderate and acceptable levels of imbalance, it is necessary for the detector to distinguish normal imbalance from more serious imbalance events that potentially are precursors of the aforementioned problems and power degradation. To this end, intelligent analytics are essential to provide a level of guarantee on the errors of false alarm and misdetection. It is in this context that modern sensing devices, such as phasor measurement units (PMUs), have the potential to detect contingencies and faults sensitively and rapidly (see [1] , [15] and references therein). The challenge addressed here is to improve the detection performance while maintaining low storage cost and processing complexity.
A. Summary of Results
In this paper we consider the problem of voltage imbalance detection in a three-phase power system by using the PMU output. The proposed detection scheme can be performed at local area, substations, or at centralized energy management system (EMS). To this end, we present the theoretical concept of the generalized locally most powerful (GLMP) detector. The GLMP detector provides a local detection approach in the presence of unknown nuisance system parameters [16] . Similar to the concept of the generalized likelihood ratio test (GLRT) [17] , the GLMP detector is obtained by substituting the maximum likelihood (ML) estimators of the nuisance parameters into the locally most powerful (LMP) [17] test. When the estimation error is small, i.e. in the asymptotic regime, the GLMP is expected to be close to the LMP.
The contribution of the paper for imbalance detection is threefold. First, we develop a statistical model that captures characteristics of imbalance of a single PMU output, while maintaining low computational complexity. We present a new time-decimated measurement model. The decimation is performed by downsampling the negative sequence, since this sequence is less informative than the positive sequence. The advantages of using the downsampled model are reductions both of the computational complexity [18] , [19] and of the amount of data storage. Therefore, downsampling enables applying detection methods at remote locations and processing big data. Second, we derive closed-form expressions of the LMP and GLMP tests for local imbalance detection, where the local parameter is the negative sequence amplitude. The new GLMP approach is a rigorous method that incorporates tolerance constraints on local voltage imbalance levels and, thus, is robust to a small level of imbalance. Third, we provide simulation results in practical settings and demonstrate in Section IV that the performance of the proposed GLMP method for single-phase magnitude imbalances outperforms existing detection methods. In addition, it is shown that the GLMP approach is robust to frequency estimation errors and to the presence of higher-order harmonics.
B. Related Works
Under perfectly balanced three-phase operating conditions, the zero and negative sequences are noninformative; hence, most energy management system functions, such as state estimation (SE), are carried out using only the positive-sequence model [6] , [20] . When system imbalance occurs, the zero and negative sequences are nonzero and the positive-sequence measurements become noncircular [21] , [22] . Thus, the conventional balanced SE exhibits a mismatch estimation error for an imbalance scenario [6] , [23] . Several methods have recently been proposed for state and frequency estimation (e.g. [21] - [26] ) under unbalanced and distorted conditions based on noncircular models of the positive and negative sequenc es. In [27] a distribution system state estimator suitable for monitoring unbalanced distribution networks is presented.
In the literature, various definitions are given for imbalance in a power system. The fundamental performance measures are the voltage unbalance factor (VUF) [7] , [28] - [30] the percent voltage unbalance (PVU) [31] , [32] , the complex VUF [33] , [34] . An online identification method of the level, location, and effects of voltage imbalance in a distribution network is derived in [8] . A smart meter for voltage unbalance detection is designed in [35] . However, the existing nonparametric methods for detection of imbalance are insufficient (e.g., [33] , [34] , [36] ). The derivation of a model-based parametric approach for the detection of imbalance is expected to yield better performance than those of the existing nonparametric ad-hoc methods.
Currently, parametric GLRT methods have been proposed based on time-domain [37] and frequency-domain [38] approaches. Despite its simplicity, it is known that the GLRT is not optimal in the Neyman-Pearson sense [39] and its performance may degrade in practical scenarios which are characterized by close hypotheses, low signal-to-noise ratio (SNR) regimes, and small sample sizes [40] . Classical methods are designed to test the hypothesis that the system is perfectly balanced (versus unbalanced) with regard to any amount of imbalance in it. The proposed GLMP approach, on the other hand, aims to detect substantial imbalance and is developed for close hypotheses, i.e. under tolerance constraints. The use of the local detection formulation is very promising, as shown by our preliminary results in [41] , and is most applicable to sensitive detection around an authorized level of imbalance in the nominal case. In addition, similar to the frequency-domain GLRT [38] , the proposed GLMP approach uses compressed data, is more readily accessible, and needs less information than the time-domain GLRT used in [37] .
C. Organization and Notations
The remainder of the paper is organized as follows: Section II presents the mathematical model for the PMU output in unbalanced system and with a decimated negative sequence. The GLMP detector for detecting imbalance is derived in Section III, where the GLMP method for the general case is sketched in the Appendix. The proposed method is evaluated via simulations in Section IV and the conclusion appears in Section V. In the rest of this paper we denote vectors by boldface lowercase letters and matrices by boldface uppercase letters. The
H , and (·) −1 denote the complex conjugate, transpose, Hermite, and inverse operators, respectively. The operators Real{·} and Imag{·} denote the real and imaginary parts of their arguments, respectively. For convenience, variables are cataloged in the Nomenclature Table. II. SYSTEM MODEL AND PROBLEM FORMULATION In this section, we present the mathematical model of the PMU output that is used in Section III for the problem of imbalance detection. We present the conventional model (e.g. [1] and [42] ) in a statistical signal processing formulation that includes a description of the noise statistics and the downsampling of the negative sequence. In particular, we describe the statistical behavior of the PMU output, i.e. after the sampling, symmetrical transformation, and the nominal-frequency discrete Fourier transform (DFT) operation.
A. PMU Measurement Model
The voltages in a three-phase power system are assumed to be pure sinusoidal signals of frequency ω 0 + Δ, where ω 0 is the known nominal frequency (100π or 120π radians per second) and Δ is the frequency deviation in radians per second. . In this paper, output from a single PMU is assumed. The PMU samples these real signals N times per cycle of the nominal-frequency, ω 0 , to produce the following discrete-time, noisy measurements model (e.g. pp. 51-52 in [1] , [38] , and [43] ): 
where α e j 2π /3 . The sequence v + [n] is sometimes called the "space vector" [46] . By substituting (1) in (2), one obtains
1 The PMU output of the zero sequence is usually non observable [7] , [12] , [44] , [45] and, thus, is not presented here, but can be found in [38] .
∀n ∈ N, where
and the noise sequences satisfy
1) Positive Sequence: The PMU constructs the output signals by using a DFT operator, usually over one cycle of the nominal-frequency [1] , [42] , i.e. a N -length DFT operator in this case. That is, the N -length PMU DFT operation on any arbitrary signal x[n] results in the following phasor sequence:
where the index k refers to the beginning of the DFT window.
In [38] it is shown that by applying the N -length DFT operator we obtain the following phasor positive sequence measurement model:
for all k = 0, . . . , K − 1, is a complex circularly symmetric Gaussian noise sequence with a variance of 2σ 2 3N . In addition, the coefficients
are functions of the unknown frequency deviation, Δ, but independent of k.
2) Decimated Negative Sequence: In the proposed model, the negative sequence is downsampled in order to reduce the computational complexity, reduce the need for data storage, and enables applying detection methods at remote locations. In particular, the DFT operator uses only M samples of the negative sequence, where 0 < M ≤ N and the downsampling factor is M N . The block diagram representation of the proposed model is shown in Fig. 1 . Similar to the model in (8) , the output of a M -length DFT operator is
for all k = 0, . . . , K − 1, where P M and Q M are obtained by substituting N by M in (10) and (11), respectively. The , which is independent of the sequence
. The instantaneous positive and negative sequences in (8) and (12) contain false negative and positive sequence components, respectively (p. 68 in [1] ). These false terms vanish as the frequency approaches the nominal frequency, since lim Δ →0 Q N = 0 and lim Δ →0 Q M = 0.
Similar to this time decimation process, the negative sequence can be decimated in the frequency domain to reduce the number of phasor measurements, K. Frequency decimation is especially useful in a networked detection, when the decision making is performed at a remote location, due to communication cost.
B. Problem Formulation
In this work, we are interested in the detection of imbalances based on K measurements of the instantaneous positive and negative sequences from (8) and (12) . The models for these K measurements can be written in matrix form as follows:
The vectors inẽ 1 andẽ 2 are identical to the steering vector for a uniform linear array [39] . The noise vectors,w + andw − , are independent zero-mean complex, circularly symmetric, colored Gaussian noise sequences with K × K covariance matrices of σ 2 R N and σ 2 R M , respectively, with the following (k, l)th elements:
and
Since the error covariance matrices are known, the signals in (13) can be prewhitened to have a constant variance of σ 2 . The whitening operation is performed by left-multiplication of the terms in (13) by R Mw − have a covariance matrix of σ 2 I K . Similarly, the prewhitening procedure can be performed for the more general case of a correlated three-phase system when the three sequences are dependent.
For the special case of a perfectly balanced system, the threephase voltages satisfy V a = V b = V c and ϕ a = ϕ b + 2π 3 = ϕ c − 2π 3 . Therefore, it can be verified that for this case C − = 0 and the model in (16) is reduced to
Similarly, a minor degree of imbalance in the system, which is acceptable and does not indicate subsequent interruptions, is modeled by the condition that |C − | ≤ δ, where δ represents the tolerance level of imbalance.
III. DETECTION OF IMBALANCE AND THE GLMP METHOD
The objective of this study is to develop a method for system imbalance detection with tolerance constraints based on the PMU output. In most phasor measurement applications, it is common to have some degree of imbalance in the system [2] . Therefore, it is important that the detector is robust to modest levels of imbalance. In this section, we develop the GLMP method for the local detection of voltage imbalance, which is applicable to sensitive detection around an authorized level of imbalance.
A. Hypothesis Testing and the LMP Detector
The voltage imbalance detection problem can be formulated as the following composite hypothesis testing problem:
where hypotheses H 0 and H 1 represent the nominally balanced and imbalanced hypotheses, respectively, and δ is a tuning parameter that controls the authorized level of imbalance. The measurement model under either hypotheses is given in (16) and the hypotheses differ over the value of the parameter |C − |. Since the hypotheses are assumed to be close, the local hypothesis testing formulation is adopted to describe the imbalance detection problem. For this voltage imbalance detection problem, if the parameters, C + , φ − angle(C − ), and Δ are known, the LMP test can be used. The LMP for the general case is revised in the Appendix. For this case, the LMP declares H 1 if [17] , [39] 
where
|C − |=δ (20) and the threshold τ is chosen to set the detector's desired probability of false alarms. Based on the model described in (16) , the log likelihood function for this case is given by
where f (ν + , ν − ; |C − |, φ − , C + , Δ) is the observation probability density function (pdf). By taking the partial derivative of (21) w.r.t. |C − |, evaluating the resulting expression for |C − | = δ, and substituting in (20) , one obtains
B. The GLMP Detector
The log likelihood function in (21) depends on the unknown 1) positive sequence phasor, C + ; 2) phase of the negative sequence, ϕ − ; and 3) frequency deviation, Δ, if the frequency is unknown. Thus, the LMP test in (22) , which is a function of these unknown parameters, is useful only as a benchmark. We propose in this paper the method of GLMP. Similar to the GLRT, the GLMP test is obtained by replacing the unknown nuisance parameters in the LMP test by their ML estimates, as sketched in the Appendix.
By using the LMP from (22) and the definition of the GLMP test from (42) in the Appendix, the GLMP for detection of imbalance is given by
in whichĈ + andφ − denote the ML estimators of C + and φ − , respectively. In order to derive a closed-form expression for the GLMP detector in (25), we develop in the following the ML estimators of C + , φ − , and Δ. The ML estimator of C + evaluated at |C − | = δ is found by equating the derivative of (21) w.r.t. C+ to zero, which results in
Similarly, the ML estimator of φ − is obtained by equating the derivative of (21) w.r.t. φ − to zero:
By substituting (28) into (25) , the GLMP test is given by
In order to derive a closed-form expression ofφ − andẑ we substitute (27) in (28) and subtract the real terms, which results in
. Therefore, the ML estimator of φ − is given byφ
In addition, by substituting (27) and (32) into (26), one obtainŝ
Therefore, the GLMP test is given by (29) , in whichẑ is calculated via (33) . The ML estimator of the nuisance parameters, as well as the resulting GLMP detector, are all functions of the frequency deviation, Δ. In general, the frequency deviation is unknown and needs to be estimated. However, the ML estimate of Δ requires a high-complexity search through the parameter space [38] , [47] . In addition, it is demonstrated in [38] that the state-of-the-art frequency estimation technique from [42] ,
performs well for small frequency deviations, which is the typical scenario in real-world power systems [48] . Therefore, in this paper we use the above frequency estimator,Δ, and substitute it in the GLMP detector in (29) . If, in addition, the noise variance is unknown, then the ML estimator of σ 2 evaluated at |C − | = δ is found by equating the derivative of (21) w.r.t. σ 2 to zero, which results in
By substituting (35) in (29) we obtain the GLMP detector for unknown noise variance.
IV. SIMULATIONS
In order toverify the performance of the proposed GLMP detector, numerical Monte-Carlo simulations were conducted in the MATLAB programming environment. The PMU output signals were simulated in accordance with the model from 
A. Methods
In the following sections, the performance of the proposed GLMP method in (29) is evaluated and compared with the performance of the following methods:
1. VUF method: The commonly-used VUF method for detecting voltage imbalance [7] , [28] , [29] is defined as the voltage magnitude ratio of the negative to the positive sequences. In particular, the VUF with K phasor measurements is given by
GLMP detector with known frequency deviation:
This detector, T GLMP (Δ), is given by the GLMP expression in (29) , in which we substitute the true frequency deviation Δ. That is, we substitute Δ in κ 1 , κ 3 , d N , d M , g N , g M , and calculate the new ML estimatorsφ − andẑ via (31)- (33) . The performance of this detector demonstrates the influence of the frequency deviation estimation on the detection performance.
LMP method:
The LMP expression from (22) is a benchmark that demonstrates the performance reduction due to the nuisance parameter estimation. In the asymptotic regime, the estimation error is small and the LMP is expected to be close to the GLMP one.
In the following, the detection probability of each of these methods is evaluated by examining the relative number of detections in 5000 Monte-Carlo trials.
B. Single-Phase Magnitude and Phase Imbalances
In Figs. 2.a, 2.b, and 2 .c, the probability of detection is presented versus different values of β, , and downsampling factor M N , respectively, for a constant false alarm probability of 5%, σ 2 . These figures show that the detection probabilities of the GLMP and LMP methods are significantly higher than that of the VUF statistic for any scenario. In addition, it can be seen that the LMP test is unachievable by the GLMP test and can be used for performance analysis and system design. Finally, the performance of the GLMP method with estimated frequency deviation almost coincides with the known-frequency GLMP test, T GLMP (Δ). Thus, the proposed GLMP is robust to frequency estimation errors.
In Fig. 2 .a it can be seen that even for a single-phase voltage unbalanced system, the new GLMP test can detect an imbalance at low SNR. For example, for β = 3 the probability of detection is 0.8 and 1 for SNRs of 2 dB and 6 dB, respectively, for the given false alarm probability of 0.05. In addition, when β approaches 1 + √ 18δ = 1.1273, the probability of detection is equal to the probability of error, 0.05, since the voltage magnitude imbalance approaches the aforementioned balanced scenario. Fig. 2 .c demonstrates the effects of downsampling on the detection performance by evaluating the probability of detection versus different values of samples of the negative sequence, M . As expected, the probability of detection increases as the downsampling factor, M N , increases. Hence, there is a tradeoff between detection performance and complexity.
In Figs. 3.a and 3.b the probability of detection is presented versus different values of β and SNR, respectively, for the special case of M = N , i.e. without a downsampling process. In this case, the performance of the proposed GLMP detector is also compared with the GLRT for detection of voltage imbalances in [38] , which is developed for M = N . It can be seen that, for a constant false alarm probability of 5%, β = 3, and N = 48, the detection probabilities of the GLMP (with known/unknown frequency) and LMP methods are higher than that of the GLRT and VUF tests for any scenario. In Fig. 3 .b it is demonstrated that the probability of detection of the different methods increases with SNR. Based on these results, as well as other simulation results not detailed here, it can be concluded that for M = N the GLMP test outperforms the GLRT in the nonasymptotic region, i.e. low SNR and small K. In other regimes, the GLMP performance is similar to that of the GLRT.
C. Case Study: Imbalance Detection in the Presence of Higher Order Harmonics
In practical power systems, there are usually additional harmonics where the harmonics frequencies are multiples of the prevailing off-nominal network frequency [1] . In this case study, we demonstrate the robustness of the proposed GLMP detector to a voltage signal with higher-order harmonics. In particular, each voltage signal of the system given in (1) is assumed to be corrupted by additive higher-order harmonics of rank 5 and 7, respectively, with amplitudes of 15 , similar to the setting in [49] . The other parameters are chosen to be the same as in Fig. 2 . The results are presented in Fig. 4 . By comparing the probabilities of detection in Figs. 4.a and 4.b and in Figs. 2.a and 2.b it can be seen that all the detectors perform better in the presence of harmonics. That is, imbalances can be observed more easily for non-sinusoidal signals and the proposed GLMP methods, as well as the existing VUF method, are not sensitive to inter-harmonics. Therefore, the proposed methods for detection of imbalances can be used when signals are corrupted with noise and other disturbances due to high-order harmonics. 
D. Case Study: Dynamic Implementation
In this case study, we examine the performance of the proposed detection method for time-varying processes. We assume that the system is balanced until time N c , and then it suddenly switches to an unbalanced state. This simulates real-world applications, such as abrupt changes of nonlinear loads [49] . Therefore, we assume the measurement model from (1): 
where N c is the time of the abrupt change, v b is the balanced voltage vector, defined in (36), with an authorized level of amplitudes of the positive and negative components converge to 1.25 p.u. and 0.50 p.u., respectively. These results show that it is easier to detect the balanced condition of the system after a time shorter than one cycle of N = 48 on the basis of the frequency-domain samples than in the time domain.
The decision of the GLMP detector is equal to 1 if the GLMP statistic is above a chosen threshold and 0 otherwise. Fig. 5 .c presents this decision for threshold τ = 0 and for K = 4, 6. In each frequency-domain sample, k, the GLMP test, T GLMP , from (29) is based on a K-length window with K frequency-domain measurements from each sequence,
. Thus, the GLMP online detection begins at k = K − 1. It can be seen that the GLMP detector identifies the beginning of the voltage change and remains high during the imbalance condition. This demonstrates the effectiveness of the proposed GLMP detector as a powerful tool to detect change points in the balance conditions. The change is detected at k = 63 and k = 64 for K = 4 and K = 6, respectively. Thus, for K = 4 the imbalance condition is identified earlier than for K = 6. However, the probability of false alarm is higher for K = 4 than for K = 6. Therefore, there is a tradeoff between high accuracy and minimum delay. A similar tradeoff exists between high accuracy and minimum delay when choosing the length of the DFT operation from (7).
V. CONCLUSION
In this study we demonstrate the detection of voltage imbalances by using the PMU output with a downsampled negative sequence. We have focused on the case of close hypotheses, which is of interest in many practical power systems, where detection must be performed in low-SNR and/or small sample size scenarios. To this end, we formulate the detection of imbalance as a local hypothesis testing problem with unknown nuisance parameters within the framework of detection theory. The GLMP and LMP methods are implemented for this problem and the ML estimators of the nuisance parameters are developed. The proposed GLMP approach is a rigorous method that incorporates tolerance constraints on local voltage imbalance levels and, thus, is robust to a small level of imbalance. From a theoretical point of view, we extend the detection toolbox by deriving the new GLMP concept. Simulation results show that the proposed GLMP method exhibits improved performance over benchmark techniques, in terms of probability of detection for various practical settings. In particular, the GLMP method performs well for close hypotheses in the presence of additional unknown parameters. It is also examined whether the proposed algorithm can be used in the presence of higher-order harmonics. We demonstrate the ability of the proposed GLMP test to detect abrupt change in the imbalance condition and investigate its delay in response. Topics for future research include the derivation of networked detection methods for multiple buses [50] - [52] , and real-time implementations of the proposed GLMP method by using change detection methods. Downsampling enables applying fast detection methods at remote locations and processing big data. Thus, downsampling is useful for developing networked detection and online change detection methods.
APPENDIX: THE LMP AND GLMP METHODS
In this Appendix, first the well-known LMP method [17] is revised. Then, the GLMP method is developed for the general case of local detection in the presence of additional unknown nuisance parameters. The GLMP is a generalization of the LMP method [17] . The LMP detector yields the maximum probability of detection for weak signals that are near the local value [39] . Similar to the GLRT concept [17] , [39] , the GLMP test statistic is derived by replacing nuisance parameters in the LMP test statistic by their corresponding ML estimators, as presented in the following. Since the ML estimator asymptotically converges to the true value of the estimated parameters, the proposed GLMP method is expected to achieve the performance of the LMP asymptotically, i.e. for enough measurements and/or for high SNR.
